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Abstract
Three versions of the Freiheitssatz are proved in the context of
one-relator quotients of limit groups, where the latter are equipped
with 1-acylindrical splittings over cyclic subgroups. These are natural
extensions of previously published corresponding statements for one-
relator quotients of orientable surface groups. Two of the proofs are
new even in that restricted context.
1 Introduction
The rich theory of groups with a single defining relator has inspired a number
of generalizations, in which a one-relator group F/N(R) (where F is a free
group, R an element of F , and N(R) its normal closure) is replaced by a
group of the form L/N(R) for some other free construction L. For example,
there is now a fairly well-developed theory of one-relator quotients of free
∗AMS Subject classification: Primary 20F05; Secondary 20E06, 20E08
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products (see for example the survey article [8]), and also some work on one-
relator quotients of free products with amalgamation and of HNN extensions
[5, 11, 12, 13]. In another direction, there are the beginnings of a theory of
one-relator quotients of (orientable) surface groups [3, 6, 9, 10, 17].
Recent major advances in the logical theory of free groups (see [14, 19] and
the references cited therein), surrounding the Tarski problems, has brought
much attention to bear on another class of groups that generalize free groups,
namely the limit groups (also variously known as fully residually free groups
or ω-residually free groups). It is therefore natural to consider how to develop
a theory of one-relator quotients of limit groups.
A fundamental result which is crucial to the development of any one-
relator theory is the Freiheitssatz of Magnus [16] and its variants. In its
original formulation, this says that if Y is a subset of a basis X for the free
group F = F (X), such that R is not conjugate to a word in Y , then Y freely
generates a subgroup of the one-relator group F (X)/N(R). Equivalently, the
natural map
F (Y )→ F (X)→ F (X)/N(R)
is injective.
In order to formulate a Freiheitssatz for a generalized one-relator the-
ory, one first has to identify suitable analogues for these so-called Magnus
subgroups F (Y ). For one-relator quotients of free products (A ∗ B)/N(R)
the obvious candidates are the free factors A,B. The Freiheitssatz does not
hold in general for these groups: there are examples where the natural map
A→ A ∗B → (A ∗B)/N(R) is not injective. Nevertheless, there are various
results giving sufficient conditions for a Freiheitssatz of this form to hold,
and it is only under such conditions that a further development of the theory
has proved possible.
For a one-relator surface group π1(Σ)/N(R), the natural candidates for
Magnus subgroups are the fundamental groups π1(Σ0) of incompressible sub-
surfaces of Σ, but again it is not always true that the Freiheitssatz hold for
all such subgroups. A very general form of the Freiheitssatz was wrongly
asserted in [9], but the error pointed out and counterexamples given in [10].
Nevertheless, one correct Freiheitssatz was proved in [9]:
Theorem 1.1 [9, Proposition 3.10] Let S be a closed oriented surface, α
a closed curve in S, and β a simple closed curve in S such that α is not
homotopic to a curve disjoint from β, and that 〈α, β〉 = 0. Then π1(Srβ)→
π1(S)/N(α) is injective.
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(Here 〈α, β〉 denotes the algebraic intersection number of the two curves
α, β on S.)
Two further versions of the Freiheitssatz for one-relator quotients of sur-
face groups were stated (without proof) in [10]:
Theorem 1.2 [10, Theorem 6] Let S be a closed oriented surface, α a closed
curve in S, and β a simple closed curve in S such that α is not homotopic to
a curve that meets β at most once, and that 〈α, β〉 = ±1. Then π1(Srβ)→
π1(S)/N(α) is injective.
Theorem 1.3 [10, Theorem 7] Let S be a closed oriented surface, α a closed
curve in S, and β1, β2 two disjoint simple closed curves in S such that α is not
homotopic to a curve disjoint from β1 or from β2. Then π1(Sr (β1 ∪β2))→
π1(S)/N(α) is injective.
The example of surface groups forms a useful template for a theory of
one-relator quotients of limit groups. Every nonabelian limit group splits
over a cyclic (possibly trivial) subgroup. In the case of a surface group this
corresponds to splitting the surface over an essential simple closed curve,
and the fundamental group of the complement of this curve is one of our
candidates for Magnus subgroup. The analogue for a limit group would be
a vertex group for a cyclic splitting. As with surface groups, the obvious
analogue of the Freiheitssatz is not true in complete generality: there are ex-
amples where the vertex group does not embed into the one-relator quotient.
Nevertheless, a Freiheitssatz holds in many cases, and in this paper we will
prove natural analogues of Theorems 1.1, 1.2 and 1.3 as follows. In these
statements ℓe(R) means the e-length of R, which is the translation length
arising from the splitting along the edge e, while σe(R) means the exponent
sum of e in R. In the case of a surface group split along a simple closed curve
β, these correspond to the geometric intersection number and the algebraic
intersection number, respectively, of a curve α representing R with the simple
closed curve β.
Theorem 3.1 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e be an edge of X with cyclic
edge group, and let R ∈ Γ be an element such that ℓe(R) > 0 = σe(R). Let
A = π1(G, Y ), where Y is one component of X r {e}. Then the natural
homomorphism A→ Γ/N(R) is injective.
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Theorem 4.2 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e be an edge of X with cyclic
edge group, and let R ∈ Γ be an element such that ℓe(R) > 1 = σe(R).
Let A = π1(G, Y ), where Y = X r {e}. Then the natural homomorphism
A→ Γ/N(R) is injective.
Theorem 5.1 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e, f be edges of X with cyclic
edge groups, and let R ∈ Γ be an element such that ℓe(R) ≥ 1 ≤ ℓf(R). Let
A = π1(G, Y ), where Y is one component of X r {e, f}. Then the natural
homomorphism A→ Γ/N(R) is injective.
Our paper therefore serves a dual purpose. It provides the proofs of
Theorems 1.2 and 1.3 promised in [10], while at the same time generalizing
them to the context of limit groups and thereby laying the foundations for a
theory of one-relator quotients of limit groups.
The rest of the paper is organised as follows: In §2 we recall the basic
properties of limit groups that we need for our purposes, and prove a simple
version of the Freiheitssatz where the edge group is trivial (Proposition 2.1
below). Then §§3, 4 and 5 are devoted to the proofs of Theorems 3.1, 4.2
and 5.1 respectively.
2 Limit groups
A limit group is a finitely generated group G with the property that, for each
finite subset A ⊂ G, there is a homomorphism φ : G → F from G to a free
group F that restricts to an injection on A.
Examples of limit groups include: free groups and free abelian groups of
finite rank, orientable surface groups, and any free product of finitely many
of the above. More complicated examples can be constructed using Sela’s ω-
residually free towers (see [18, 2]). These are graph-of-groups constructions
with cyclic edge groups and (simpler) limit groups as vertex groups.
Conversely, any limit group which is not free abelian has a graph-of-
groups decomposition of this type. For example, if Σ is a closed, orientable,
hyperbolic surface, then cutting Σ along any essential simple closed curve
yields a decomposition of π1(Σ) as a free product of two free groups with
cyclic amalgamated subgroup, or alternatively as an HNN extension of a free
base group with cyclic associated subgroups.
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A one-relator quotient of a limit group is just the quotient G = Γ/N(R)
of a limit group Γ by the normal closure N(R) of a single element R ∈ Γ.
Our approach to one-relator theory on such an object will be to consider
the length of R in terms of a suitable graph-of-groups decomposition of Γ.
Indeed, our approach will work equally well in circumstances where the vertex
groups are limit groups, but the graph product Γ is not necessarily a limit
group. On the other hand, there are simple examples of limit groups in which
the Freiheitssatz fails (see [10] for some surface group examples, as well as
the example below). To avoid such pathological examples, we shall impose
further restrictions on the graphs of groups that arise.
Example Let F be a nonabelian free group and w ∈ F a word which is
not a proper power in F . Let Γ = F ∗C A be the free product of F with a
free abelian group A, amalgamating a cyclic subgroup C, where C < F is
generated by w, and C < A is a direct factor. Then Γ is a limit group.
Choose u ∈ F rC and v ∈ ArC. Then the natural map F → Γ/N(uv)
is not injective, since the commutator [u, w] lies in its kernel.
Recall that a group action on a tree is k-acylindrical if every geodesic
segment of length greater than k has trivial stabilizer. A graph of groups is k-
acylindrical if the action of its fundamental group on the corresponding Bass-
Serre tree is k-acylindrical. The natural graph-of-groups decompositions of
limit groups described above are always 2-acylindrical, but not in general
1-acylindrical
Clearly the graph of groups in the example above is not 1-acylindrical.
We shall concentrate on 1-acylindrical actions of limit groups on trees, whose
edge-stabilisers are cyclic.
Note that, if Γ is a limit group acting 1-acylindrically on a tree T , H is
a subgroup, T ′ an H-invariant subtree of T , and T¯ the quotient tree of T ′
obtained by shrinking each component of some H-invariant forest to a point,
then the resulting action of H on T¯ is also 1-acylindrical.
Suppose that a limit group Γ acts 1-acylindrically on a tree T with cyclic
edge stabilisers. Suppose that R ∈ Γ is a hyperbolic element - that is, R
does not fix any vertex of T . Then there is a unique axis of R in T , in other
words, an R-invariant bi-infinite geodesic, upon which R acts by translation.
The translation-length of R is the edge-path length by which R shifts its axis
A, or equivalently the number of edges in the quotient graph 〈R〉\A.
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Let e be an edge of T . Then the e-length of R is the number ℓe(R) of
edges in 〈R〉\A that are images of Γ-translates of e. Equivalently, if v is
a vertex of A, then the geodesic [v, R(v)] from v to R(v) is a fundamental
domain for the action of R on A, and the number of edges from the Γ-orbit
Γe in [v, R(v)] is ℓe(R).
Let e be an oriented edge of T . Then the exponent-sum of e in R is
the number σe(R) of edges in 〈R〉\A that are images of Γ-translates of e,
counted with multiplicity. Equivalently, if v is a vertex of A, then σe(R) is
the number of oriented edges from Γe in the oriented geodesic [v, R(v)], minus
the number of oriented edges from Γe in the oriented geodesic [R(v), v]. Note
that σe(R) ≡ ℓe(R) mod 2.
In the particular case where Γ is the group of an orientable hyperbolic
surface, with the tree action arising from a splitting of the surface along an
essential closed curve α, then ℓe(R) is the minimal intersection number of
α with any closed curve representing a conjugate of R, while σe(R) is the
algebraic intersection number of α with (any closed curve representing) R.
We first note an easy special case of the Freiheitssatz.
Proposition 2.1 Let Γ = π1(G, X) be a limit group expressed as the fun-
damental group of a graph of groups. Let e be an edge of X such that the
corresponding edge group is trivial, and let A = π1(G, Y ) where Y is one
component of X r {e}. Let R ∈ Γ be any element involving e, in the sense
that ℓe(R) > 0. Then the natural map A→ Γ/N(R) is injective.
Proof. If e disconnects X , then Γ = A ∗ B, where B = π1(G, Z) with
Xr {e} = Y ⊔Z. Now A and B are residually free. Moreover by hypothesis
R ∈ A ∗B is not conjugate to an element of A or of B. The result follows in
this case by a theorem of Baumslag and Pride [1].
A similar argument holds if e does not disconnect X . Here Γ ∼= A ∗ Z, A
is residually free (as, of course, is Z), and R ∈ A ∗ Z is not conjugate to an
element of A. The result again follows from [1]. 
3 Exponent sum zero
Some versions of the Freiheitssatz for free products with amalgamation where
the relator is a proper power or satisfies some small-cancellation condition
6
have been proved in [5, 11, 13]. Similar results for HNN extensions appear
in [12].
In [9, Proposition 3.10], a version of the Freiheitssatz was proved in the
case where Γ is a surface group and the exponent-sum of e in R is zero. Here
we extend this result to the general case of a 1-acylindrical graph of groups
decomposition of a limit group.
Theorem 3.1 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e be an edge of X with cyclic
edge group, and let R ∈ Γ be an element such that ℓe(R) > 0 = σe(R). Let
A = π1(G, Y ), where Y is one component of X r {e}. Then the natural
homomorphism A→ Γ/N(R) is injective.
Proof. If the edge group Γe of e is trivial, then the result follows from
Proposition 2.1, so we may suppose that Γe is infinite cyclic. We argue by
induction on ℓe(R).
For the initial case ℓe(R) = 2 of the induction, we distinguish two cases.
First suppose that e separates X , so that Xr{e} = Y ⊔Z. Then Γ = A∗CB
where A = π1(G, Y ) and B = π1(G, Z) are limit groups, and C = Γe is cyclic.
Moreover, up to conjugacy, we have R = uv, with u ∈ ArC and v ∈ BrC.
Let a ∈ A and b ∈ B be generators of C, such that a = b in Γ.
Since v /∈ C and the splitting is 1-acylindrical, b and v generate a
nonabelian subgroup of the limit group B. But 2-generator subgroups of
limit groups are free or abelian, so the subgroup F2 of B generated by b, v
is free on these two elements. Similarly, a, u freely generate a free sub-
group F1 of A. Let F be the quotient of F1 ∗C F2 by R = uv. Then
F = 〈u, a, b, v|uv = 1, a = b〉 is free of rank 2, and each of the natural
maps Fi → F (i = 1, 2) is an isomorphism. On the other hand,
Γ/N(R) = A ∗F1 F ∗F2 B = A ∗F B,
and it follows that the natural maps A,B → Γ/N(R) are injective.
Next, suppose that e does not separate X , so that Y = X r {e}, and Γ
is an HNN extension of the form 〈A, t|ta = bt〉. Moreover, up to conjugacy,
R = utvt−1, where u ∈ Ar 〈a〉 and v ∈ Ar 〈b〉.
In particular, R is contained in the subgroup H of Γ generated by A
and B = tAt−1. Moreover, H ∼= A ∗C B with C = 〈b〉 = 〈tat
−1〉, and R is
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cyclically reduced of length 2 in A ∗C B. By the separating case, we see that
the maps A → H/N(R), B → H/N(R) are injective. Finally, Γ/N(R) is
the HNN extension 〈H/N(R), t|tAt−1 = B〉 of H/N(R), so the natural map
A→ H/N(R)→ Γ/N(R) is injective, as claimed.
The inductive step is not essentially more complex than the initial case.
Again we distinguish the separating and non-separating cases.
If e is separating, then Γ = A ∗C B where A,B are limit groups and
C = 〈a〉 = 〈b〉 is infinite cyclic. Up to conjugacy, we have R = u1v1 · · ·ukvk,
with ui ∈ A r C and vi ∈ B r C for each i. We may replace A by the
subgroup A0 generated by a, u1, . . . , uk, and B by the subgroup generated by
b, v1, . . . , vk, for if the result holds in this case then
Γ/N(R) = A ∗A0 (A0 ∗C B0)/N(R) ∗B0 B,
and the general result follows.
Hence, without loss of generality, B is generated by b, v1, . . . , vk. Sup-
pose that there is no epimorphism φ : B → Z with φ(b) = 0 = φ(v1 · · · vk).
Nevertheless, there is an epimorphism ψ : B → F from B onto a non-
abelian free group F , so the nonexistence of φ means that F has rank 2 and
that ψ(b) and ψ(v1 · · · vk) are linearly independent modulo the commutator
subgroup [F, F ]. Let {x, y} be a basis for F . The map ψ extends to a ho-
momorphism ψ : A ∗C B → A ∗C F which is the identity on A and ψ on
B. The set of equations ψ(R) = 1, ψ(b) = a in x, y over A is nonsingular,
since ψ(b) and ψ(v1 · · · vk) are linearly independent modulo [F, F ]. More-
over, A is locally indicable. It then follows from [7] that the natural map
A → (A ∗C F )/N(ψ(R)) is injective. Since this map factors through the
natural map A→ (A ∗C B)/N(R), the latter is also injective, as required.
Hence we may assume that we have an epimorphism φ : B → Z with
φ(b) = 0 = φ(v1 · · · vk). We may extend this to an epimorphism φ : A∗CB →
Z by defining φ(α) = 0 for all α ∈ A. The kernel K of this homomorphism
can be expressed as an infinite amalgamated product of KB = K ∩ B with
An = t
nAt−n for n ∈ Z (where t ∈ B is a choice of element with φ(t) =
1). Here the cyclic subgroup Cn = 〈t
nat−n〉 < An is amalgamated with
〈tnbt−n〉 < KB, for each n. Up to conjugacy, we may rewrite R as a word in
H := KB ∗C0 A0 · · · ∗Cm Am for some m ≥ 0 (which we may assume chosen to
be least possible). Analysis of this rewriting of R shows that m = 0 only if
φ(vi) = 0 for each i, which would contradict the combination of hypotheses
that b, v1, . . . vk generate B, that φ(b) = 0, and that φ(B) = Z. Hence m > 0.
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Define H0 := KB ∗C0 A0 · · · ∗Cm−1 Am−1 and H1 := KB ∗C1 A1 · · · ∗Cm Am.
Again, analysis of the rewrite of R shows that, as a word in H = H0 ∗Cm Am,
it has length less than 2k = ℓe(R), so that the natural map H0 → H/N(R)
is injective by inductive hypothesis. Similarly, H1 → H/N(R) is injective.
Finally, conjugation by t within Γ induces an isomorphism between H0 and
H1, and Γ/N(R) can be expressed as an HNN extension 〈H, t|tH0t
−1 = H1〉.
It follows that the natural map A = A0 → H0 → Γ/N(R) is injective, as
required.
This completes the inductive step in the separating case.
Finally, suppose that e is nonseparating, so that Γ = 〈A, t|ta = bt〉. As
in the initial step, R belongs to the normal closure of A in Γ. In general,
however, it will not belong to the subgroup generated by A0 = A and A1 =
tAt−1. However, up to conjugacy, it belongs to the subgroup H generated
by An := t
nAt−n for 0 ≤ n ≤ m, for some m ≥ 1. As above, we make all
choices so that m is least possible, and define H0, H1 to be, respectively, the
subgroups generated by An for 0 ≤ n ≤ m− 1 and by An for 1 ≤ n ≤ m.
If m > 1, then the length of R, as a word in H = H0 ∗C Am is strictly
less than ℓe(R), so the inductive hypothesis tells us that H0 → H/N(R) is
injective. If m = 1, then the length of R in A0 ∗C A1 is equal to ℓe(R), so we
cannot apply the inductive hypothesis. However, we can apply the separating
case which we have dealt with above. Hence in all cases H0 → H/N(R) is
injective.
Similarly, H1 → H/N(R) is injective. Finally, Γ/N(R) is an HNN exten-
sion of H/N(R), with associated subgroups H0 and H1 and stable letter t,
and so A→ H0 → Γ/N(R) is injective, as required.
This completes the inductive step in the nonseparating case, and hence
the proof of the theorem. 
4 Exponent sum one
In this section we prove a version of the Freiheitssatz when the exponent-sum
of the missing edge in the defining relator is ±1, using techniques developed
in Klyachko’s proof of the Kervaire conjecture for torsion-free groups [15] in
the formulation of Fenn and Rourke [4].
In our proof we will need the following result, which seems of independent
interest.
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Theorem 4.1 Let Γ be a limit group, Γ = A ∗C B a 1-acylindrical splitting
over a cyclic group C, and γ ∈ Γr A. Then the subgroup of Γ generated by
A and γ is a free product of A and 〈γ〉.
Proof. Let T be the Bass-Serre tree of the splitting. Then C is the stabiliser
of an edge e of T , and A,B are the stabilisers of vertices u, v respectively
that are incident to e. We argue by induction on the distance d = d(u, γ(u))
(in the edge-path metric on T ). Note that d is even since T has a Γ-invariant
bipartite structure, and that d > 0 since γ /∈ A = Stab(u).
Now the first edge of the geodesic segment ρ = [u, γ(u)] is incident to
u, so is α1(e) for some α1 ∈ A, while the last edge is incident to γ(u) so is
γα2(e) for some α2 ∈ A. Replacing γ by α
−1
1
γα−1
2
∈ AγA, we may assume
that e, γ(e) are the first and last edges in ρ.
In the initial case of the induction, d = 2 and the midpoint of ρ is the
vertex v stabilised by B. Moreover, since the first edge γ(e) of γ(ρ) coincides
with the second edge of ρ, it follows that γ fixes the midpoint v of ρ, so
γ ∈ B. If c is a generator for C = Stab(e), then γ, c do not commute by the
1-acylindrical property. Since Γ is a limit group, γ, c generate a nonabelian
free subgroup F of B.
Now consider the 2-component forest obtained from T by removing the
edge e. Let Tu, Tv be the components of this forest that contain u, v respec-
tively. Since every element of Ar C maps Tv into Tu, and every element of
F r C maps Tu into Tv, the Ping-Pong Lemma shows that the subgroup of
Γ generated by A ∪ F is the amalgamated free product
A ∗C F = A ∗〈c〉 〈c, γ〉 = A ∗ 〈γ〉,
as required.
Suppose then that d ≥ 4. If γ is elliptic, then it must fix the midpoint x
of ρ. Since d(u, x) = d/s ≥ 2 and the Γ-action is 1-acylindrical, no nontrivial
element of A fixes the last edge f of the geodesic segment τ = [u, x]. If
some power γk of γ fixes f , then γk also fixes γ(f), which is the last edge
of the segment γ(τ) = [γ(u), x]. In particular γ(f) 6= f . Since the action is
1-acylindrical, and γk fixes two distinct edges, then γk = 1 so k = 0. Hence
no nontrivial power of γ fixes f . In this situation we may again apply the
Ping-Pong Lemma to the two components of T r {f}: nontrivial elements
of A map the component containing x into the component containing u,
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while nontrivial elements of 〈γ〉 map the component containing u into the
component containing x. Hence A ∪ 〈γ〉 generates a free product
A ∗ 〈γ〉 ⊂ Γ,
as required.
We may therefore assume that γ is hyperbolic, with axis Lγ , say. In this
case the segment ρ meets Lγ in a central subsegment of length at most d−2.
(The edges e, γ(e) of ρ cannot lie on Lγ since they both lie on a geodesic
from u to γ(u).) If the shortest path P from u to Lγ contains an edge f 6= e,
then we may apply the Ping-Pong Lemma to the components of T r {f} as
above to see that A and 〈γ〉 generate their free product in Γ.
Finally, suppose that γ is hyperbolic, with v ∈ Lγ and u /∈ Lγ. If c is a
generator of C, then c and γ do not commute, by the 1-acylindrical property.
Hence they freely generate a nonabelian free subgroup F of Γ.
We may assume that Lγ ∩ c
k(Lγ) = {v} for all k 6= 0. For c
k fixes e /∈ Lγ ,
so by the 1-acylindrical property ck does not fix any edge of Lγ . Hence if
Lγ and c
k(Lγ) share an edge, then there are distinct edges f, c
k(f) of Lγ
which are incident at v. It follows that one of γ±1ck is either elliptic or has
translation length less than that of γ, with neither u nor v contained in its
axis. Applying the above argument shows that the subgroup generated by A
and γ±1ck is
A ∗ 〈γ±1ck〉 = A ∗ 〈γ〉.
Let ρ0 ⊂ Lγ denote the geodesic segment [v, γ(v)]. Then the union of the
translates φ(ρ0) of ρ0 for φ ∈ F form an F -invariant subtree TF of T . We
claim that e /∈ TF . From this the result will again follow from a Ping-Pong
argument, for e separates T into two components, Tu ∋ u and Tv ⊃ TF .
Elements of ArC map Tv into Tu, while elements of F rC map Tu into Tv,
so the subgroup of Γ generated by A and F is
A ∗C F = A ∗〈c〉 〈c, γ〉 = A ∗ 〈γ〉.
To prove the claim, note that the hypothesis that Lγ ∩ c
k(Lγ) = {v} for
all k 6= 0 means that the segments {ck(ρ0); k ∈ Z} and {c
kγ−1(ρ0); k ∈ Z}
are pairwise disjoint except for their shared endpoint v. Orient ρ0 from v to
γ(v), and let ρ−1
0
denote γ−1(ρ0) oriented from v to γ
−1(v).
It follows that, for a reduced word
φ = ck0γε1ck1 · · · γεnckn
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in {c, γ}, the concatenation of the n paths
ck0γε1ck1 · · · γεjckj(ρ
εj+1
0
), j = 0, . . . , n− 1,
is a reduced path from v to φ(v). In particular d(v, φ(v)) = nd(v, γ(v)), so
we can have e ∈ φ(ρ0) only if φ ∈ {c
k, ckγ−1} for some k ∈ Z. But
e ∈ ck(ρ0) ∪ c
kγ−1(ρ0) ⊂ c
k(Lγ)⇒ e = c
−k(e) ∈ Lγ ,
a contradiction.

Theorem 4.2 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e be an edge of X with cyclic
edge group, and let R ∈ Γ be an element such that ℓe(R) > 1 = σe(R).
Let A = π1(G, Y ), where Y = X r {e}. Then the natural homomorphism
A→ Γ/N(R) is injective.
Proof. Since σe(R) 6= 0, the edge e cannot be separating, so Γ is an HNN
extension 〈A, t|ta = bt〉 and A < Γ is a limit group.
Now σe(Rt
−1) = 0, so Rt−1 belongs to the normal closure of A in Γ, which
is generated by An := t
nAt−n for t ∈ Z. Conjugating by a suitable power of
t, we may assume that Rt−1 belongs to the subgroup Hm of Γ generated by
An for 0 ≤ n ≤ m, for some m ≥ 0, and that moreover this integer m is the
least possible that arises from all conjugates of R.
Note that m > 0, since otherwise R is conjugate to αt for some α ∈ A,
and then ℓe(R) = 1, contrary to hypothesis.
DefineH−1 := 〈a〉, andH
′
k := tHkt
−1 for all k ≥ −1. Then the minimality
assumption means that R ∈ Hm rHm−1, and similarly R ∈ Hm rH
′
m−1.
Now Hm is an amalgamated free product:
Hm = Hm−1 ∗H′m−2 H
′
m−1.
Write Rt−1 in reduced form with respect to this amalgamated free product
decomposition:
Rt−1 = β0γ1β1 · · · γkβk,
with βi ∈ Hm−1, γi ∈ H
′
m−1rH
′
m−2, and β1, . . . , βk−1 /∈ H
′
m−2. Then replace
each letter γi fromH
′
m−1rH
′
m−2 by tαit
−1, where αi = t
−1γit ∈ Hm−1rHm−2.
This allows us to write R as a word
R = (β0tα1t
−1) · · · (βk−1tαkt
−1)βkt
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with k ≥ 0, βi ∈ Hm−1 for each i, αi ∈ Hm−1 r Hm−2 for each i, and
β1, . . . , βk−1 /∈ H
′
m−2. Among all such expressions, for all conjugates of R,
choose one that minimises k (subject to our existing hypothesis on the min-
imality of m). Then
1. k ≥ 1, for if k = 0 we have Rt−1 = β0 ∈ Hm−1 which contradicts the
minimality of m;
2. βk /∈ H
′
m−2, for if βk ∈ H
′
m−2 then t
−1βkt ∈ Hm−2 ⊂ Hm−1, and so the
expression
gRg−1 = (wtα1t
−1) · · · (βk−2tαk−1t
−1)βk−1t
with g = αkt
−1βkt ∈ Hm−1 and w = gβ0 ∈ Hm−1 contradicts the
minimality of k.
Now put γ = β0, and replace R by its cyclic conjugate
R′ = (α1t
−1β1t) · · · (αkt
−1βkt)γt,
with k ≥ 1, αi ∈ Hm−1rHm−2 for each i, βi ∈ Hm−1rH
′
m−2 for each i, and
γ ∈ Hm−1.
By Theorem 4.1, the subgroup of Hm−1 generated by Hm−2 and αi is a
free product Hm−2 ∗ 〈αi〉 for each i, and similarly the subgroup generated by
H ′m−2 and βi is a free product H
′
m−2 ∗ 〈βi〉. Therefore by a result of Fenn and
Rourke [4, Theorem 4.1] (see also [15, Lemma 2]), the system of equations
R′ =
(
k∏
i=1
αit
−1βit
)
γt = 1
hφ = tht−1 ( ∀ h ∈ Hm−2)
has a solution over Hm−1, where φ is the isomorphism Hm−2 → H
′
m−2 induced
by conjugation by t. This is equivalent to saying that the natural map
Hm−1 → 〈Hm−1, t|tHm−2t
−1 = H ′m−2, R = 1〉 is injective.
But, since Γ can be expressed as the HNN extension
〈Hm−1, t|tHm−2t
−1 = H ′m−2〉,
this shows that the natural map
A→ Hm−1 → Γ/N(R)
is injective, as required. 
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5 Two edges
In this section we prove the following.
Theorem 5.1 Let Γ be a limit group expressed as the fundamental group
of a 1-acylindrical graph of groups (G, X), let e, f be edges of X with cyclic
edge groups, and let R ∈ Γ be an element such that ℓe(R) ≥ 1 ≤ ℓf(R). Let
A = π1(G, Y ), where Y is one component of X r {e, f}. Then the natural
homomorphism A→ Γ/N(R) is injective.
Proof. We may assume that σe(R) 6= 0 6= σf (R), for otherwise we can apply
Theorem 3.1. In particular, neither e nor f separates X . It is, however,
possible that {e, f} separates X as a pair of edges.
We argue by induction on ℓe(R) + ℓf(R) ≥ 2. In the initial case, ℓe(R) =
ℓf(R) = 1. If {e, f} separates X , then we have a presentation for Γ of the
form (A ∗ B, f |ae = be, aff = fbf), where ae ∈ A, be ∈ B generate the
edge group of e and af ∈ A, bf ∈ B generate the edge group of f . We
can also write R (up to cyclic conjugation and inversion) in the form xfy
with x ∈ A and y ∈ B. Hence Γ/N(R) has a presentation of the form
(A∗B|ae = be, xafx
−1 = y−1bfy). Now by 1-acylindricity, the subgroup of A
generated by {ae, xafx
−1} is nonabelian, and hence is free of rank 2. Similarly
the subgroup of B generated by {be, y
−1bfy} is free of rank 2. Then Γ/N(R)
is just the free product of A and B amalgamating these two subgroups of
rank 2. In particular, the natural map A→ Γ/N(R) is injective.
A similar argument applies if the pair of edges {e, f} does not separate X .
Here Γ = (A, e, f |aee = ebe, aff = fbf), R = xfye
−1, and Γ/N(R) = (A ∗
B|aee = ebe, xafx
−1e = ey−1bfy) is an HNN extension of A with associated
subgroups free of rank 2. Again the natural map A→ Γ/N(R) is injective.
The inductive step of the proof proceeds in a similar fashion to that in
Theorem 3.1. Suppose first that {e, f} separates X . Then, with suitable
choices of orientation, the edges {e, f} appear in R with alternating signs.
Since σe(R) = −σf (R) 6= 0, there must be a (cyclic) subword of R of the form
e−1a0f or f
−1a−1
0
e with a0 ∈ A, and another (cyclic) subword (eb0f
−1)±1 with
b0 ∈ B. Replacing each occurrence of the symbol f in R by a
−1
0
fb0 does not
change the problem, but allows us to assume that R has subwords of the
form (e−1f)±1 and (ef−1)±1.
By the usual trick, we may assume that A is generated by ae, af and
the A-letters that occur in R, while a similar property holds for B. (Letting
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A0, B0 be the subgroups generated by these letters, and Γ0 the corresponding
subgroup of Γ, if the theorem is true for Γ0 then Γ/N(R) = A∗A0Γ0/N(R)∗B0
B and the result follows for Γ.)
Since the graph of groups is 1-acylindrical, ae and af do not commute.
Hence A is a nonabelian limit group, and so has a nonabelian free homomor-
phic image. It follows that Hom(A,Q) has Q-dimension at least 2. A similar
property holds for B, and so Hom(Γ,Q) has Q-dimension at least 5. In par-
ticular, we may find an epimorphism φ : Γ→ Z with ae, af , R ∈ K := Ker(φ).
In the induced graph-of-groups decomposition K = π1(K, X¯) for K, the lifts
of the edges e, f are indexed by integers, and the various choices have been
made to ensure that at least three distinct edges from {en, fn;n ∈ Z} oc-
cur in any rewrite of R ∈ K. Without loss of generality, there is a rewrite
R0 such that the minimum index of an e-edge involved in R0 is 0, and the
minimum index of an f -edge is also 0. If p, q denote the maximum index
of e-edges, f -edges respectively that occur in R0, then p + q ≥ 1. Let X0
be the subgraph of the covering graph X¯ that contains all vertices, all edges
that are not e-edges or f -edges, and the e-edges e0, . . . , ep−1 and f -edges
f0, . . . , fq−1. Let X1 denote the subgraph of X¯ that contains all vertices, all
edges that are not e-edges or f -edges, and the e-edges e1, . . . , ep and f -edges
f1, . . . , fq. Finally, let X
′ denote the subgraph of X¯ that contains all vertices,
all edges that are not e-edges or f -edges, and the e-edges e0, . . . , ep and f -
edges f0, . . . , fq. Then the inductive hypothesis ensures that the natural maps
from A′ := π1(K, X0) and from B
′ := π1(K, X1) to C
′ := π1(K, X
′)/N(R0)
are injective. Finally, K/N({Rn;n ∈ Z}) is an HNN-extension of C
′ with
associated subgroups A′ and B′, so it follows that A′ → C ′ and B′ → C ′ are
injective. Hence it also follows that A→ Γ/N(R) is injective, as required.
Finally, if {e, f} do not separate X , then π1(X) is free of rank at least 2.
Indeed, we can find an epimorphism φ : Γ → Z that vanishes on π1(G, X r
{e, f}) and on R, and analyse the kernel K of φ as in the separating case
above. This time, X¯ consists of a number of copies of X r {e, f} indexed by
Z, connected by lifts en, fn of the edges e, f . When we rewrite R and try to
apply the inductive hypothesis, we find that we cannot in general ensure that
we have reduced ℓe(R) + ℓf(R). In other words, it is possible that p = 0 = q
in the above analysis. However, in this case the pair {e0, f0} separates two
copies of X r {e, f}, so we can instead apply the separating case which we
have just proved.
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Again, we can express Γ/N(R) as an HNN-extension, where the injectivity
of the associated subgroups is guaranteed either by the inductive hypothesis
or by the separating case.
This completes the inductive step, and hence the proof. 
References
[1] B. Baumslag, and S.J. Pride, An extension of the Freiheitssatz. Math.
Proc. Cambridge Philos. Soc. 89 (1981), 35–41.
[2] M.Bestvina and M.Feighn, Notes on Sela’s work: Limit groups and
Makanin-Razborov diagrams, To appear in Geometric and cohomolog-
ical methods in group theory (M.R.Bridson, P.H.Kropholler, I.J. Leary,
eds.).
[3] O. Bogopolski, A surface groups analogue of a theorem of Magnus, Ge-
ometric methods in group theory, 59–69, Contemp. Math., 372, Amer.
Math. Soc., Providence, RI, 2005. (English translation: Siberian Math.
J. 25 (1984), no. 2, 235–251.)
[4] R. Fenn and C. Rourke, Klyachko’s methods and the solution of equa-
tions over torsion-free groups. Enseign. Math. (2) 42(1996), 49–74.
[5] B. Fine, F. Roehl and G.A. Rosenberger, Freiheitssatz for certain one-
relator amalgamated products, in Combinatorial and geometric group
theory (A.J. Duncan, N.D. Gilbert and J. Howie, eds.), 73–86, London
Math. Soc. Lecture Note Ser., 204, Cambridge Univ. Press, Cambridge,
1995.
[6] J. Hempel, One-relator surface groups, Math. Proc. Cambridge Philos.
Soc., 108, (1990) 467–474 .
[7] J. Howie, On pairs of 2-complexes and systems of equations over groups,
J. Reine Angew. Math., 324(1981), 165–174 .
[8] J. Howie, How to generalize one-relator group theory, in: Combinatorial
group theory and topology (S.M. Gersten and J.R. Stallings, eds.), 53–78,
Ann. of Math. Stud., 111, Princeton Univ. Press, (1987).
16
[9] J. Howie, Some results on one-relator surface groups, Bol. Soc. Mat.
Mexicana (3), 10, Special Issue, 255-262 (2004).
[10] J.Howie, Erratum: , Some results on one-relator surface groups, Bol.
Soc. Mat. Mexicana (3), 10, Special Issue, 545–546 (2004).
[11] A. Juha´sz, Some remarks on one-relator free products with amalgama-
tion, Geometric and computational perspectives on infinite groups (Min-
neapolis, MN and New Brunswick, NJ, 1994), 83–89, DIMACS Ser. Dis-
crete Math. Theoret. Comput. Sci., 25, Amer. Math. Soc., Providence,
RI, 1996.
[12] A. Juha´sz, On powered one-relator HNN-extensions of groups. J. Group
Theory 6 (2003), 517–534.
[13] A. Juha´sz, Some remarks on one-relator amalgamated free products. II.
Internat. J. Algebra Comput. 16 (2006), 1–15.
[14] O. Kharlampovich and A. Myasnikov, Elementary theory of free non-
abelian groups. J. Algebra 302 (2006), 451–552.
[15] A. A. Klyachko, A funny property of sphere and equations over groups.
Comm. Algebra 21 (1993), 2555–2575.
[16] W. Magnus, U¨ber diskontinuierliche Gruppen mit einer definierenden
Relation, J. Reine Angew. Math. 163, 141-165 (1930).
[17] M.S. Saeed, PhD thesis, Heriot-Watt University, UK (2007).
[18] Z. Sela, Diophantine geometry over groups. I. Makanin-Razborov dia-
grams, Publ. Math. Inst. Hautes Etudes Sci. No. 93 (2001), 31–105.
[19] Z. Sela, Diophantine geometry over groups. VI. The elementary theory
of a free group. Geom. Funct. Anal. 16 (2006), 707–730.
17
